Here we study the stability of certain homogeneous vector bundles on multi-projective spaces using their restriction to certain rational curves.
Introduction
Fix integers k ≥ 2, n i > 0, 1 ≤ i ≤ k, and an algebraically closed base field K. Set Π := P n 1 × · · · × P n k . Let e i ∈ Z k denote the vector (0, . . . , 1, . . . , 0) in which 1 appears in the i-th coordinate. Set V i := H 0 (Π, O Π (e i )). Hence dim(V i ) = n i + 1. Let ρ : ⊕ i=1 V i ⊗ O Π (e i ) → O Π be the evaluation map. Set Λ := Ker(ρ). Hence we have an exact sequence
These vector bundles are important for the following reason. For any closed subscheme X ⊂ Π the cohomology groups h i (Π, I X ⊗ (a 1 , . . . , a k )), i = 0, 1, are strongly related to the existence and number of " essential " generators in multi-degree (a 1 , . . . , a k ) of the multi-homogeneous ideal of T . In the case k = 1 we have Λ = Ω 1 P n 1 and the relation is well-known and heavily used to study the minimal free resolution of X. See [3] and references therein for several results and questions on the generators of the multi-homogeneous ideal when X is a finite set. Hence it is natural to study the vector bundle Λ. Here we will study its stability with respect to the polarizations of Π (see Theorem 1 and Corollary 1) and the restriction of Λ to certain rational curves (see Proposition 1). Λ is homogeneous for the action of the connected group
If n i = n j for some i = j, then it is also invariant with respect to the exchange of these two factors. Hence it is easy to check that Λ is homogeneous for the action of Aut(Π). Fix integers h i > 0, 1 ≤ i ≤ k, and set H := O Π (h 1 , . . . , h k ). Here we will consider slope H-stability and call it H-stability. It is easy to check that (assuming k ≥ 2, as always in this paper unless otherwise stated) the H-stability of Λ may depend from H (Remarks 2 and 3). We will also consider the following more general set-up. Fix integers We have det(
Theorem 1. Fix an integer x > 0 and assume h
The case x = 1 of Theorem 1 is the following result. 
Corollary 1. Assume h
i = h j for all i, j. Then Λ is H-stable.
The proofs
with A rigid. The existence of the exact sequence (2) is a very particular case of [2] . Fix i ∈ {1, . . . , k}. Let π i : Π → P n i denote the projection on the i-th factor, Π i the product of all factors of Π, except the i-th and η i : Π → Π i the projection.
Remark 1.
Let E be a vector bundle on Π. Fix i ∈ {1, . . . , k}, any fiber
then E|T is trivial. If this is true for all T and all i, then E is trivial.
There is a natural Aut
The restriction of α to any fiber of η 1 shows that α is injective and with locally free cokernel. Thus there is an exact sequence on Π
in which M is a rank k − 1 vector bundle on Π which is homogeneous for the action of Aut 0 (Π). We have det(G) ≡ O Π and M|D is trivial for every line D contained in a fiber of η i . Remark 1 gives that M is trivial, i.e. we have the exact sequence
Remark 3. Fix integers k ≥ 2 and n
Proof of Theorem 1. Taking an equivalent polarization we reduce to the case in which h i = 1 for all i. 
